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The need for uncertainty quantification

Engineering/scientific systems subject to many uncertainties
• Unknown parameters
• Uncertain operating conditions
• Variation in manufacturing process

These uncertainties can have high-consequence impacts:
• Cost 
• Risk of system failure
• (In)efficiency



Probabilistic uncertainty propagation

Engineering/scientific systems subject to many uncertainties
• uncertain inputs/parameters can be modeled as random variables

3

Simulation 𝑓 Quantity of Interest (QI)
𝑌 = 𝑓(𝑍!, 𝑍", … )

Random inputs lead to random variation in QI

𝑍! 𝑍"

Random inputs 
or parameters

𝑍#



Sensitivity analysis

How sensitive is the QI to changes in each input?
• If QI is not sensitive to some inputs, can limit design/decision space
• If QI very sensitive to some inputs, can invest more effort in reducing 

associated uncertainty

Derivatives of QI w.r.t. inputs are a local measure of sensitivity
• They tell us how much QI will change if the inputs are varied from a 

single point
• can exhibit significant variation over the range of possible input values



Outline

1. Sobol’ global sensitivity analysis
• Theory
• Computation

2. Multifidelity Monte Carlo methods

3. Numerical results



Variance-based global sensitivity analysis

6

Simulation 𝑓 Quantity of Interest (QoI)
𝑌 = 𝑓(𝑍!, 𝑍", … )

𝑍! 𝑍"

Random inputs 
or parameters

𝑍#

Variance-based sensitivity analysis
• Quantifies how much each random input 

contributes to variation in QoI
Var[𝑌]



Variance-based global sensitivity analysis: 
Theoretical foundation
Input/output domains: 

𝒵 ∈ ℝ!, 𝒴 ∈ ℝ
Model: 

𝑓: 𝒵 → 𝒴

Input random variable: 
𝑍:Ω → 𝒵

• measure 𝜇
• independent components
• Probability tuple: Ω,ℱ, ℙ

If 𝑓 is square-integrable w.r.t. 𝜇, 
then:

• 𝔼 𝑓 𝑍 , Var 𝑓 𝑍 < ∞, and
• 𝑓 can be written as the sum of 

functions of subsets of its inputs:
<latexit sha1_base64="pkUih+z3WACZjWKfiNsTekCNku0="></latexit>

f(z) = f0 +
dX

i=1

fi(zi) +
dX

i,j=1

fij(zi, zj) + · · ·

+f1...d(z1, . . . , zd)

This is the ANOVA HDMR (analysis-of-variance 
high-dimensional model representation).



Variance-based global sensitivity analysis: 
Theoretical foundation
ANOVA HDMR:

Variance can be similarly decomposed:

Sobol’ sensitivity indices:

<latexit sha1_base64="UM1n/Mt5BCVX6V7ElGdmxC88CEc="></latexit>

f(z) = f0 +
dX

i=1

fi(zi) +
dX

i,j=1

fij(zi, zj) + · · ·+ f1...d(z1, . . . , zd)

<latexit sha1_base64="9QOSSDX5b4MjxtIP0iVXYS065mY="></latexit>

Var[f(Z)] =
dX

i=1

Var[fi(Zi)] +
dX

i,j=1

Var[fij(Zi, Zj)] + · · ·+Var[f1...d(Z1, . . . , Zd)]

<latexit sha1_base64="8O0pNMN7sfqg0A4GMQxCEe+DuMc=">AAACHHicbZC7SgNBFIZn4y3GW9TSZjAIsQm7KmojBG0sI5gL2SzL7GQ2GTJ7YeasGJZ9EBtfxcZCERsLwbdxcilM4g8DP985hzPn92LBFZjmj5FbWl5ZXcuvFzY2t7Z3irt7DRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9wc2o3nxgUvEovIdhzJyA9ELuc0pAI7d4qlyOr3DHl4SmHWCPkDaIzGzf5eW2y4+dbIaW25q4xZJZMcfCi8aamhKaquYWvzrdiCYBC4EKopRtmTE4KZHAqWBZoZMoFhM6ID1maxuSgCknHR+X4SNNutiPpH4h4DH9O5GSQKlh4OnOgEBfzddG8L+anYB/6aQ8jBNgIZ0s8hOBIcKjpHCXS0ZBDLUhVHL9V0z7ROcEOs+CDsGaP3nRNE4q1nnFujsrVa+nceTRATpEZWShC1RFt6iG6oiiJ/SC3tC78Wy8Gh/G56Q1Z0xn9tGMjO9fAsWh9Q==</latexit>

si =
Var[fi(Zi)]

Var[f(Z)]

Sobol’ main index

<latexit sha1_base64="x6m0xEhf9LPRTQdX9cDc3y62o/o="></latexit>

s0i =
Var[all f⇤where i is in ⇤]

Var[f(Z)]

Sobol’ total index



Sobol’ sensitivity analysis
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Simulation 𝑓 Quantity of Interest (QoI)
𝑌 = 𝑓(𝑍!, 𝑍", … )

𝑍! 𝑍"

Random inputs 
or parameters

𝑍#

Sobol’ main index: 𝑠" ∈ 0,1
• how much of the Var 𝑌 pie is due to 𝑍" alone 

Var[𝑌]Sobol’ total index: 𝑠"′ ∈ 0,1
• how much of Var 𝑌 pie does 𝑍" contribute 

to in any way (includes interactions with 
other inputs)



Computing Sobol’ indices

Sobol’ indices can be expressed using conditional expectations:

We compute Sobol’ indices by estimating these conditional 
expectations via Monte Carlo methods

<latexit sha1_base64="WLO9l+7W0Ckkjt2yySwU2KzxAVE="></latexit>

s0i =
Var[all f⇤where i is in ⇤]

Var[f(Z)]
= 1� Var[E[Y |Z⇠i]]

Var[f(Z)]

<latexit sha1_base64="LAK9uCMgwDeyTd5yjp1hGQix6Dg="></latexit>

si =
Var[fi(Zi)]

Var[f(Z)]
=

Var[E[Y |Zi]]

Var[f(Z)]



Sobol’ main indices: naïve estimation

<latexit sha1_base64="iompo+S0Oh+6zzAoyI+1Qhjjvq4="></latexit>

sj =
Var(E[Y |Zj ])

Var(Y )

Naïve approach: 
for 𝑗 = 1: 𝑑

sample 𝑧#
$ %

$&!
for 𝑖 = 1: 𝑛

sample 𝑧!, … 𝑧#'!, 𝑧#(!, … 𝑧)
(+) %

+&!
for 𝑘 = 1: 𝑛

𝑦$+ = 𝑓 𝑧!, … 𝑧#'!, 𝑧# , 𝑧#(!, … 𝑧)
2𝑦$ = mean 𝑦$!, 𝑦$", … , 𝑦$%

7𝑉# = var( 2𝑦!, 2𝑦", … , 2𝑦%)

<latexit sha1_base64="rGvymdSAyspt/ivwbeACxZ7We7k=">AAACDHicdVDLSsNAFJ3UV62vqks3g0VwFZJaTbsQim5cVrAPaEuYTCfttJNJmJkIJeQD3Pgrblwo4tYPcOffOE0rqOiBgcM553LnHi9iVCrL+jByS8srq2v59cLG5tb2TnF3ryXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3I589u3REga8hs1jUg/QENOfYqR0pJbLPVGSEHpjuE57PkC4SQTWu44XbAU6pRl2pVa1T6FmlSrFaemSbniOCc1aJtWhhJYoOEW33uDEMcB4QozJGXXtiLVT5BQFDOSFnqxJBHCEzQkXU05CojsJ9kxKTzSygD6odCPK5ip3ycSFEg5DTydDJAayd/eTPzL68bKr/YTyqNYEY7ni/yYQRXCWTNwQAXBik01QVhQ/VeIR0hXonR/BV3C16Xwf9Iqm/aZaV9XSvWLRR15cAAOwTGwgQPq4Ao0QBNgcAcewBN4Nu6NR+PFeJ1Hc8ZiZh/8gPH2CbjymtE=</latexit>

ŝj =
V̂j

V̂



Sobol’ main indices: ‘pick-freeze’ estimation

Naïve approach: 
for 𝑗 = 1: 𝑑

sample 𝑧!
" #

"$%

for 𝑖 = 1: 𝑛

sample 𝑧%, … 𝑧!&%, 𝑧!'%, … 𝑧(
(*) #

*$%

for 𝑘 = 1: 𝑛
𝑦!"* = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(

0𝑦!" = mean 𝑦!"%, 𝑦!",, … , 𝑦!"#
5𝑉! = var( 0𝑦-%, 0𝑦-,, … , 0𝑦!#)

Pick-freeze approach*:
sample 𝑧%, … , 𝑧( "

"$%
#

sample 𝑧%, … , 𝑧( "
"$%
#

for 𝑗 = 1: 𝑑

for 𝑖 = 1: 𝑛

𝑦!" = 𝑓 𝑧%, … , 𝑧(
𝑦!" = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(
5𝑉! = mean" 𝑦!"𝑦!" −mean" 𝑦!"

,

*see Saltelli, Janon, Owen, etc.



Estimation of Sobol’ total indices
Naïve approach: 
for 𝑗 = 1: 𝑑

sample 𝑧!, … 𝑧#'!, 𝑧#(!, … 𝑧)
($) %

$&!
for 𝑖 = 1: 𝑛

sample 𝑧#
(+) %

+&!
for 𝑘 = 1: 𝑛
𝑦#$+ = 𝑓 𝑧!, … 𝑧#'!, 𝑧# , 𝑧#(!, … 𝑧)

2𝑦#$ = mean 𝑦#$!, 𝑦#$", … , 𝑦#$%
7𝑉# = 7𝑉 − var( 2𝑦-!, 2𝑦-", … , 2𝑦#%)

<latexit sha1_base64="WLO9l+7W0Ckkjt2yySwU2KzxAVE="></latexit>

s0i =
Var[all f⇤where i is in ⇤]

Var[f(Z)]
= 1� Var[E[Y |Z⇠i]]

Var[f(Z)]

<latexit sha1_base64="WLO9l+7W0Ckkjt2yySwU2KzxAVE="></latexit>

s0i =
Var[all f⇤where i is in ⇤]

Var[f(Z)]
= 1� Var[E[Y |Z⇠i]]

Var[f(Z)]

<latexit sha1_base64="NZlCMzd6ubcNMD+p1Q3QjLr0DDo=">AAACDXicbZDLSsNAFIZP6q3WW9Slm8EquiqJiLoRim5cVrAXaEKZTCft2MmFmYlQQl7Aja/ixoUibt27822cpllo6w8DP985hzPn92LOpLKsb6O0sLi0vFJeraytb2xumds7LRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RteTevuBCsmi8E6NY+oGeBAynxGsNOqZB84QKyR790foEjm+wCTNSUuTrLBZz6xaNSsXmjd2YapQqNEzv5x+RJKAhopwLGXXtmLlplgoRjjNKk4iaYzJCA9oV9sQB1S6aX5Nhg416SM/EvqFCuX090SKAynHgac7A6yGcrY2gf/VuonyL9yUhXGiaEimi/yEIxWhSTSozwQlio+1wUQw/VdEhlhHonSAFR2CPXvyvGmd1Oyzmn17Wq1fFXGUYQ/24RhsOIc63EADmkDgEZ7hFd6MJ+PFeDc+pq0lo5jZhT8yPn8AnMWaqA==</latexit>

ŝ0j =
V̂ 0
j

V̂



Estimation of Sobol’ total indices

Naïve approach: 
for 𝑗 = 1: 𝑑

sample 𝑧%, … 𝑧!&%, 𝑧!'%, … 𝑧(
(") #

"$%
for 𝑖 = 1: 𝑛

sample 𝑧!
(*) #

*$%
for 𝑘 = 1: 𝑛

𝑦!"* = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(
0𝑦!" = mean 𝑦!"%, 𝑦!",, … , 𝑦!"#

5𝑉!. = 5𝑉 − var( 0𝑦-%, 0𝑦-,, … , 0𝑦!#)

Pick-freeze approach*:
sample 𝑧%, … , 𝑧( "

"$%
#

sample 𝑧%, … , 𝑧( "
"$%
#

for 𝑗 = 1: 𝑑
for 𝑖 = 1: 𝑛
𝑦!" = 𝑓 𝑧%, … , 𝑧(
𝑦!" = 𝑓 𝑧%, … , 𝑧(
𝑦!" = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(
5𝑉! = mean" 𝑦!"𝑦!" −mean" 𝑦!"

,

5𝑉!. = 5𝑉 −mean" 𝑦!"𝑦!" −mean" 𝑦!"
,



Sobol estimation is expensive and 
cumbersome
Naïve approach: 
for 𝑗 = 1: 𝑑

sample 𝑧!
" #

"$%

for 𝑖 = 1: 𝑛

sample 𝑧%, … 𝑧!&%, 𝑧!'%, … 𝑧(
(*) #

*$%

for 𝑘 = 1: 𝑛
𝑦!"* = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(

0𝑦!" = mean 𝑦!"%, 𝑦!",, … , 𝑦!"#
5𝑉! = var( 0𝑦-%, 0𝑦-,, … , 0𝑦!#)

Pick-freeze approach*:
sample 𝑧%, … , 𝑧( "

"$%
#

sample 𝑧%, … , 𝑧( "
"$%
#

for 𝑗 = 1: 𝑑

for 𝑖 = 1: 𝑛

𝑦!" = 𝑓 𝑧%, … , 𝑧(
𝑦!" = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(
5𝑉! = mean" 𝑦!"𝑦!" −mean" 𝑦!"

,

*see Saltelli, Janon, Owen, etc.

requires 𝑛! evaluations of 𝑓
per index

𝑛!𝑑 evals for all 𝑑 main indices

𝑛!𝑑 evals for all 𝑑 total indices

requires 𝑛(𝑑 + 1) evaluations of 𝑓
for all 𝑑 main and 𝑑 total indices

and the ability to evaluate 𝑓 at 
pick-freeze inputs



Sobol’ main indices: 
Rank statistics estimation
Pick-freeze approach:
sample 𝑧%, … , 𝑧( "

"$%
#

sample 𝑧%, … , 𝑧( "
"$%
#

for 𝑗 = 1: 𝑑

for 𝑖 = 1: 𝑛

𝑦!" = 𝑓 𝑧%, … , 𝑧(
𝑦!" = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(
5𝑉! = mean" 𝑦!"𝑦!" −mean" 𝑦!"

,

Rank statistics approach*:
sample 𝑧%, … , 𝑧( "

"$%
#

for 𝑖 = 1: 𝑛
𝑦" = 𝑓 𝑧%, … , 𝑧(

for 𝑗 = 1: 𝑑
5𝑉! = mean" 𝑦"𝑦/! " −mean" 𝑦" ,

where 𝑦/! " is the 𝑦-value that comes after 
𝑦" when the 𝑦’s are ordered by increasing 𝑧!

*Gamboa, Gremaud, Klein, & Lagnoux 2021



Rank statistics estimators do not require 
special experimental design
Pick-freeze approach:
sample 𝑧%, … , 𝑧( "

"$%
#

sample 𝑧%, … , 𝑧( "
"$%
#

for 𝑗 = 1: 𝑑

for 𝑖 = 1: 𝑛

𝑦!" = 𝑓 𝑧%, … , 𝑧(
𝑦!" = 𝑓 𝑧%, … 𝑧!&%, 𝑧!, 𝑧!'%, … 𝑧(
5𝑉! = mean" 𝑦!"𝑦!" −mean" 𝑦!"

,

Rank statistics approach*:
sample 𝑧%, … , 𝑧( "

"$%
#

for 𝑖 = 1: 𝑛
𝑦" = 𝑓 𝑧%, … , 𝑧(

for 𝑗 = 1: 𝑑
5𝑉! = mean" 𝑦"𝑦/! " −mean" 𝑦" ,

where 𝑦/! " is the 𝑦-value that comes after 
𝑦" when the 𝑦’s are ordered by increasing 𝑧!

*Gamboa et al 2021

requires 𝑛(𝑑 + 1) evaluations of 𝑓
for all 𝑑 main and 𝑑 total indices

and the ability to evaluate 𝑓 at 
pick-freeze inputs

requires 𝑛 evaluations of 𝑓

at arbitrary i.i.d. inputs



Summary: Sobol’ sensitivity analysis

Variance of a model 𝑓 can be decomposed into portions 
attributable to each input and each subset of inputs

Sobol’ indices give the % of model variance attributable to that 
input alone (main index) or any of its interactions (total index)

Sobol’ indices can be estimated using Monte Carlo methods
• Many estimators in the literature: authors include Borgonovo, Iooss, Janon, 

Kucherenko, Li, Mahadevan, Mauntz, Owen, Saltelli, Sobol’, and more



Outline

1. Sobol’ global sensitivity analysis

2. Multifidelity Monte Carlo methods
• Variance reduction using control variates
• Model management strategy

3. Numerical results



Motivating application: Space mission design

Space mission design is
• Multidisciplinary
• Subject to many uncertainties
• Costly (time, money, and effort)

Case study: 
• QI: optical wavefront error in 

James Webb Space Telescope
• Uncertain inputs are material properties 

for different telescope substructures



Sobol’ index estimation for JWST

• 66 uncertain material properties
• Model: thermal simulation of JWST as it turns to/away from the sun

• Multiple coupled commercial software
• Computational budget severely resource-limited in terms of time + nodes + 

licenses

• 2 months of real-world time to obtain enough samples for 
pick-freeze estimation of just 5 Sobol’ indices

…need more efficient methods to enable 
Sobol’ analysis for applications of this scale.



Variance reduction using control variates

Consider Monte Carlo estimation of the mean:
<latexit sha1_base64="XS+vwEcDt6vypYNaKeYBC7Y45l0="></latexit>

µ̂N
Y =

1

N

NX

i=1

yi =
1

N

NX

i=1

f(zi)

<latexit sha1_base64="ih164rusZkh2iWh/WaSXqmD1YM0="></latexit>

Var[µ̂N
Y ] =

Var[Y ]

N

<latexit sha1_base64="n+baJVed2A+7pCBNd7JhqwoccQQ="></latexit>

µ̂c.v.
Y = µ̂n

Y + ↵(µ̂n
W � µW )

Let 𝑊 = 𝑔 𝑍 . Then we define the following estimator:

<latexit sha1_base64="joXE2drGZ7Rf9hbGj72Bsndf/hA="></latexit>

Var[µ̂c.v.
Y ] = Var[µ̂n

Y ] + ↵2Var[µ̂n
W ] + 2↵Cov[µ̂n

Y , µ̂
n
W ]

<latexit sha1_base64="Yv/xMxkW1yn12q8joDHr2/+TB+o="></latexit>

E[µ̂c.v.
Y ] = E[µ̂n

Y ] + ↵(E[µ̂n
W ]� µW ) = µY



Variance reduction using control variates
<latexit sha1_base64="n+baJVed2A+7pCBNd7JhqwoccQQ="></latexit>

µ̂c.v.
Y = µ̂n

Y + ↵(µ̂n
W � µW )

<latexit sha1_base64="joXE2drGZ7Rf9hbGj72Bsndf/hA="></latexit>

Var[µ̂c.v.
Y ] = Var[µ̂n

Y ] + ↵2Var[µ̂n
W ] + 2↵Cov[µ̂n

Y , µ̂
n
W ]

<latexit sha1_base64="Yv/xMxkW1yn12q8joDHr2/+TB+o="></latexit>

E[µ̂c.v.
Y ] = E[µ̂n

Y ] + ↵(E[µ̂n
W ]� µW ) = µY

Optimal 𝛼 = − <=> ?@!
",?@#

"

ABC ?@#
" = DE$

E%
yields

<latexit sha1_base64="KGrw6I5YAad5TDizD18CWbrs05Y=">AAACLnicbVDLSgMxFM3UV62vqks3wSLUhcOMiLoRRBFcVrC10pmWTJq2wSQzJHfEMvSL3PgruhBUxK2fYfpY+DoQOJxzLjf3RIngBjzvxclNTc/MzuXnCwuLS8srxdW1molTTVmVxiLW9YgYJrhiVeAgWD3RjMhIsKvo5nToX90ybXisLqGfsFCSruIdTglYqVU8C4DdQVYjetAIegQCmbaum1mgJaburTsI8REu+zs40L24ubv9b1qFrWLJc70R8F/iT0gJTVBpFZ+CdkxTyRRQQYxp+F4CYUY0cCrYoBCkhiWE3pAua1iqiGQmzEbnDvCWVdq4E2v7FOCR+n0iI9KYvoxsUhLomd/eUPzPa6TQOQwzrpIUmKLjRZ1UYIjxsDvc5ppREH1LCNXc/hXTHtGEgm24YEvwf5/8l9R2XX/f9S/2SscnkzryaANtojLy0QE6RueogqqIonv0iF7Rm/PgPDvvzsc4mnMmM+voB5zPL0CTqKg=</latexit>

Var[µ̂c.v.
Y ] = (1� ⇢2)Var[µ̂n

Y ]

Estimator has lower variance if 
high correlation between W and Y



Multifidelity Monte Carlo uses low-fidelity 
engineering models as control variates

Recall 𝑌 = 𝑓(𝑍) and 𝑊 = 𝑔(𝑍).

𝑓 is expensive high-fidelity model
• e.g. discretized PDE on fine mesh

𝑔 is cheaper lower-fidelity model
• Discretized PDE on coarse mesh
• Projection-based reduced model
• Simplified physics model
• Data-fit model

Detailed analysis of MFMC 
mean estimator in [1] yields
• Model selection criteria to achieve 

variance reduction
• Optimal sample allocation strategy 

(among diff models) for fixed budget

Multifidelity variance and Sobol
estimators introduced in [2]

<latexit sha1_base64="ywQXwIHyudgPenaDTB1Bg/hP4J4=">AAACLnicbZDLSgMxFIYz3q23qks3wSJUxGFGRN0IogguFaytdGo5k6ad0CQzJJlCGfpEbnwVXQgq4tbHMK0VL/WHwM93zuHk/GHCmTae9+SMjU9MTk3PzObm5hcWl/LLK1c6ThWhJRLzWFVC0JQzSUuGGU4riaIgQk7LYfukXy93qNIslpemm9CagJZkTUbAWFTPnwYRmECk9eubLFACE7fj9vAh/sYSb+EAeBJB8QuWb+T2txebuJ4veK43EB41/tAU0FDn9fxD0IhJKqg0hIPWVd9LTC0DZRjhtJcLUk0TIG1o0aq1EgTVtWxwbg9vWNLAzVjZJw0e0J8TGQituyK0nQJMpP/W+vC/WjU1zYNaxmSSGirJ56JmyrGJcT873GCKEsO71gBRzP4VkwgUEGMTztkQ/L8nj5qrHdffc/2L3cLR8TCOGbSG1lER+WgfHaEzdI5KiKBbdI+e0Ytz5zw6r87bZ+uYM5xZRb/kvH8A1j6nzA==</latexit>

µ̂c.v.
Y = µ̂n

Y + ↵(µ̂n
W � µ̂m

W )

[1] Peherstorfer, Willcox, & Gunzburger CMAME 2016
[2] Q. et al. SIAM JUQ 2018



Multifidelity estimation of 
variance and Sobol’ indices
Q. et al SIAM JUQ 2018

• Apply control variate approach to variance and pick-freeze Sobol’ numerator estimators
• Can lead to negative variance/Sobol’ index estimates
• Analysis of MSE of multifidelity variance estimator 

Cataldo, Q., & Auclair 2022:
• Multifidelity rank statistics estimators
• Case study on James Webb Space Telescope

Maurais, Alsup, Peherstorfer, & Marzouk 2023
• Multifidelity covariance estimation in the log-Euclidean geometry (enforces positivity)

25



Summary: Multifidelity Monte Carlo 
Multifidelity methods combine high- and low-fidelity model evaluations:

• Low-fidelity model samples reduce estimator variance
• High-fidelity model samples guarantee estimator unbiasedness

Contrast with:
• High-fidelity only: unbiased, but slow
• Low-fidelity only: fast, but biased

Compare with multilevel methods
• Multilevel = varying grid resolution
• Multifidelity: includes larger variety of low-fidelity model types
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Outline

1. Sobol’ global sensitivity analysis

2. Multifidelity Monte Carlo methods

3. Numerical results
• Convection-diffusion-reaction example
• JWST wavefront error sensitivity



Example: 2D Convection-Diffusion-Reaction 
Uncertain parameters: 

𝐴, 𝐸, 𝑇" , 𝑇F, 𝜙
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2D CDR Sobol’ estimate convergence
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JW Space Telescope revisited

Multifidelity pick-freeze Sobol’ estimators for JWST 
wavefront error with 60 day computational budget



Multifidelity rank statistics estimators
Pick-Freeze Rank statistics



Computational cost comparison
Pick-Freeze Rank statistics



Summary: Numerics

Multifidelity control variates reduce estimator variance for Sobol’ 
sensitivity analysis for both model problems and at-scale application

Multifidelity strategy yields “best of both worlds” – accuracy of high-
fidelity with speed of low-fidelity

Multifidelity global sensitivity analysis enables identification of most 
important inputs at reduced cost



Summary: Overall

Sobol index estimation quantifies the relative influence of 
different uncertain inputs on an uncertain output

Multifidelity pick-freeze and rank statistics estimators reduce cost, 
enabling Sobol index estimation in large scale application



Thank you

web: https://www.elizabethqian.com
email: eqian@gatech.edu
Papers:

• Qian, Peherstorfer, O’Malley, Vesselinov, and Willcox, SIAM Journal on 
Uncertainty Quantification, 2018. 

• Cataldo, Qian, and Auclair, Journal of Astronomical Telescopes and 
Instrumentation Systems, 2022.

• Ask/email me if you’re interested in any of the other works I’ve 
mentioned

Github: elizqian/mfgsa

https://github.com/elizqian/mfgsa/

