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Motivation & application
• Project ArtiSaneFood

– Control risk of illness from food-borne pathogens in cheese
– Make methodological recommendations to cheese producers

• Quantitative Risk Assessment (QRA) model:

– Finite input space X:
∗ Intervention parameters : Testing frequency, sampling units, etc.

– Estimates the objectives:
∗ Risk of illness → RHUS

conflicting ↑ ↓ trade-off
∗ Average cost of intervention → C
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Batch simulator : stochastic and expensive
• Based on Perrin et al. (2014) and Basak et al. (in prep.)

farm

θfarm

Mbatch

θcheese

P batch

θpostθcon

Rbatch

cheese

postharvestconsumer

Y0 λcolony

Y consum

Figure 1: Several batches (milk → cheese) are simulated to estimate RHUS & C
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Multiobjective simulation optimization
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Figure 2: Estimated outputs corresponding to 5 inputs X = {x1, x2, x3, x4, x5}

• Goal: Identify best trade-offs among conflicting objectives

→ Find optimal inputs that minimize the objectives
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1 Problem formulation

• Consider a biobjective minimization problem of f = (RHUS, C)

min
x∈X

f(x) (1)

• Additive noise: Z(x) = f(x) + ε, ε ∼ N (0,Σ)

• Conflicting objectives: There are no unique optimal solution

• The solution set consists of Pareto optimal points

P = {x ∈ X : @x′ ∈ X, f(x′) ≺ f(x)} (2)

• f(x′) ≺ f(x) =⇒ fi(x′) ≤ fi(x),∀i, with at least one strict inequality
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Pareto optimal solutions
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• Goal: Estimate the Pareto set P and Pareto front F (image of P)

• Using a limited simulation budget of noisy observations
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How to assess performance of an estimate ?

• Volume of symmetric difference on Pareto front F (image of P)

→ Uses dominated region between F and a reference point R
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Figure 3: True Pareto front, Estimated Pareto front and reference R
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Other performance metrics

• Misclassification rate on Pareto set P

→ Uses estimated P̂ and true P∗ Pareto set

M(P∗, P̂) = 1
|X|

∑
x∈X
|1x∈P∗ − 1

x∈P̂ |

• Many more:

– Indicator of correct selection
– Hausdorff distance
– . . .
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Bayesian Optimization (BO) framework

Algorithm 1 BO with a Gaussian process (GP) prior ξ on f
Sample∗ f at n0 points
while budget > 0 do

Update : GP posterior ξn
Compute : acquisition function Jn(x)
Optimize : xn+1 = arg maxx∈X Jn(x)
Sample∗ : f at xn+1

end while
Estimate∗∗ P̂ and F̂

∗f is sampled with a batch size k
∗∗ P̂ and F̂ are estimated with GP posterior mean µn(x)
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Bayesian sequential design of computer experiments

How to construct an acquisition function J(x)?

• Two standard branches in the literature:

– Maximal Uncertainty Sampling (MUS)
– Stepwise Uncertainty Reduction (SUR)

• Heuristically and experimentally, global uncertainty strategies based on SUR
are often found to be more efficient than MUS methods

• Framework: Multiobjective stochastic optimization

→ Study performance of both MUS and SUR methods
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2 Maximal uncertainty sampling
• Idea : Sample at x ∈ X where uncertainty is maximum

• Application in different design of experiment frameworks:
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A first idea
• Sampling at maximal probability of misclassification (Bryan et al. (2005))

• Jn(x): Bernoulli variance of the indicator function 1{x∈P}
Varn (1{x∈P}) = pn(x) · (1− pn(x))

→ Estimated with conditional simulations of ξn (Binois et al. (2015))
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Figure 5: Equivalent measures in literature (Bect et al. (2011))
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Performance on test problem g1 from Barracosa et al. (2021)
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Figure 6: Average performance of pn · (1 − pn) based MUS method compared to a
naive Random Search (RS) baseline method that samples Xn+1 randomly from X

This method does not work!!
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Why it fails ?
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Figure 7: Zoomed area from left figure on right, with pn(x) and uncertainty

• A point with small uncertainty can have pn(x) ≈ 0.5 due to its neighbours

• The algorithm gets stuck at such points and samples repetitively
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Weighted Mean Squared Error (w-MSE)

• Not all uncertainty measures can be reduced by MUS

• We try to reduce the weighted mean squared error

• Weights target the “potential Pareto optimal” region

Xn+1 = arg max
x∈X

(
wn(x) ·

q∑
j=1

σ2
j,n(x)
R2
j,n

)
Rj,n is a normalizing constant for j = 1, 2, . . . , q -th objective

• Choice of weights ?

– 0-1 weights (corresponds to the PAL algorithm, Zuluaga et al., 2013)
– Other choices of wn(x) are tested (see Appendix A)
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PALS (PAL + stochastic setting): Barracosa et al. (2021)

• PALS is a w-MSE algorithm with wn(x) = 1{x∈X\Nn}

R−
n (x) = µn(x)− κσn(x)

µn(x)

R+
n (x) = µn(x) + κσn(x)

RHUS

C

(a) Confidence rectangle

RHUS

C

R+
n

R−
n (x)

(b) R+
n (x′) ≺ R−n (x)

• x ∈ Nn if optimistic R−n (x) is dominated by some pessimistic R+
n (x′)
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Performance on test problems from Barracosa et al. (2021)
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Figure 9: Average performance of PALS with w-MSE methods and Random Search

No consistent improvement over PALS!!
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Conclusions & perspectives

• Tested on problems g1-g9 (Barracosa et al. (2021))

• No w-MSE method is consistently better than PALS

Can we do better with SUR?
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3 Stepwise uncertainty reduction?

• Origins & applications : reliability theory, optimization, . . .

– Vazquez and Piera Martinez (2006), Villemonteix et al. (2007), Vazquez
and Bect (2009), . . .

• Quantification of uncertainty at step n: Hn

– Sample the next observation that minimizes the acquisition function

Jn(x) = En(Hn+1|Xn+1 = x)

– En : conditional expectation w.r.t {X1, Z1, . . . , Xn, Zn}

– Jn(x) does not always have a closed analytical form
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Weighted Integrated Mean Squared Error

• w-IMSE : Special case∗ of SUR method, for some particular choice of wn(x)

Xn+1 = arg min
x∈X

|X|∑
i=1

wn(xi)
q∑
j=1

σ2
j,n+1(xi|x)
R2
j,n

How to choose a good weight wn(x) function?

• A first idea∗ : wn(xi) = pn(xi)

• PALS based : wn(xi) = 1{xi∈X\Nn}

• Based on uncertainty measures on F (see, e.g., Binois, 2015)

• Our proposed method : combines PALS classification and measures on F
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Proposed method for computing weights
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Figure 10: Pareto front F̂ , F̂p and F̂o with dominated volumes Vn and Vn,i

wn(xi)← 1{xi∈X\Nn} · (Vn,i − Vn)
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Figure 11: Average VSD metric on problems g-3,4,5,6 (Barracosa et al. (2021))
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Figure 12: Average MCR metric on problems g-3,4,5,6 (Barracosa et al. (2021))
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4 Conclusions & perspectives

• Our proposed w-IMSE method improves consistently over PALS on F

– The method was designed to improve the VSD metric on F
– Significant improvement on simulation budget for a given performance

• Trade-off : No other tested methods beat PALS w.r.t both MCR and VSD

• Remarks on PALS

– A simple, inexpensive, easy-to-implement w-MSE algorithm
– Not easy to beat even with complicated SUR methods
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Open Questions?

• How to improve over PALS on the MCR metric?

– Tractable SUR strategies over w-IMSE?
– w-IMSE with weights based on uncertainty on P?

• How to improve over PALS on both MCR and VSD metric?

• . . .
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Thank you for your attention!

COPIL ArtiSaneFood 2022, Caen, Normandie
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A Appendix
Weights based on dominated area

Algorithm 2 Construction of m(x) at step n

Estimate Pareto set P̂n base on GP posterior mean
F+
n ← {R+

n (x)|x ∈ P̂n} . (Pessimistic Pareto Front)
Vref ← D(F+

n ) . (Reference dominated volume)
for x ∈ C do
Fn ← Pareto front of {F+

n ∪R−n (x)}
Vn ← D(F+

n ) . (Dominated volume)
m(x)← (Vn − Vref)/Vref . (normalized in [0, 1])

end for
Return m(x)
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Figure 13: Average VSD metric on g-1,2,7,8 (Barracosa et al. (2021))
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Figure 14: Average VSD metric on g-9 (Barracosa et al. (2021)), g-2,3,4-bis
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Figure 15: Average MCR metric on g-1,2,7,8 (Barracosa et al. (2021))
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Figure 16: Average MCR metric on g-9 (Barracosa et al. (2021)), g-2,3,4-bis
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Weighted-MSE methods

• w-MSE-α

– wn(x) = 1{x∈Γαn}

Γαn = {x|pn(x) > α · min
x∈P̂n

pn(x)}

– Tested on α = 0.1, 0.5

• w-MSE-λ

– wn(x) = λ · pn(x) + (1− λ) · pn(x) · (1− pn(x))

– Tested on λ = 0, 0.33, 1
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Figure 17: Average VSD metric on g-2,3,4,5 (Barracosa et al. (2021))
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Figure 18: Average VSD metric on g-6,7,8,9 (Barracosa et al. (2021))
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Figure 19: Average MCR metric on g-2,3,4,5 (Barracosa et al. (2021))
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Figure 20: Average MCR metric on g-6,7,8,9 (Barracosa et al. (2021))
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